Abstract. Two different but related measurement problems are considered within the fuzzy set theory. The first problem is the membership measurement and the second is property ranking. These two measurement problems are combined and two axiomatizations of fuzzy set theory are obtained. In the first one, the indifference is transitive but in the second one this drawback is removed by utilizing interval orders.
Introduction and Preview
introduced the idea of a fuzzy set as a representation of fuzziness that stems from limited cognitive abilities of human beings when confronted with complex systems. Fuzziness is, for example, undeniably inherent in natural language. Although the concept of graded membership appears straightforward at first, there are subtle questions to be answered: (i) How is graded membership measured? (ii) What operations are meaningful to perform on membership functions? (iii) Do the membership function and operations performed on it correspond to our perception of fuzziness?
Similar questions have been considered in the context of many-valued logics, by many people from different disciplines. A many-valued logic based on fuzzy set theory exists and is called fuzzy logic. This analogy is similar to the one between set theory and classical logic. In that context, the fuzzy set intersection and union correspond to connectives AND and OR of fuzzy logic, respectively. In this study the terms union or disjunction of fuzzy sets and intersection or conjunction of fuzzy sets are used interchangeably. Although as early as Aristotle commented on an "indeterminate truth value", the interest in formal aspects of many-valued logics has started in early 1900's (McCall & Ajdukiewicz 1967 , Rosser & Turquette 1977 . But the meaning of multiple truth values has not been explained to satisfaction. For some, this is sufficient to discard many-valued logics all together (Kneale 1962 , French 1984 . On the other hand, the intellectual curiosity never let go of the subject (Scott 1976 , Malinowski 1993 .
In order to qualify the claim that the concept of graded membership is an intuitive and valid representation of fuzziness, we propose to undertake this task within the framework provided by measurement theory (Krantz, Luce, Suppes & Tversky 1971 , Roberts 1979 , Narens 1985 , Suppes, Krantz, Luce & Tversky 1989 , Luce, Krantz, Suppes & Tversky 1990 ). In such a theory one can discuss the representation of a qualitative structure by a numerical structure and the meaningfulness of such a representation. The problem of meaningfulness can be summarized as: "Numerical statements are meaningful insofar as they can be translated, using the mapping conventions, into statements about the original qualitative structure." (Krantz 1991) .
In view of measurement theory, it is proposed that the qualitative structure that one has in mind for a concept of graded membership and the concept of disjunction in the fuzzy set theory, can be taken to be an ordered algebraic structure. This view is in accord with the claim that algebra is a suitable tool to analyze logic, which may be disputed. The conditions imposed on the qualitative structure are laid out and critically discussed as to their suitability to the cognition of fuzziness.
By doing so, measurement-theoretic frameworks to discuss semantics of fuzzy set theory are obtained.
In Section 2, basic definitions, and representation and uniqueness results for algebraic structures, called ordered semigroups, are given. Mainly the results of (Fuchs 1963) and (Schweizer & Sklar 1983) are translated in terms of ordered algebraic structures as is customary in the measurement theory literature.
Then, two related but different measurement problems are stated, membership measurement and property ranking. It is shown that, although the first problem received much attention in the literature the second one is closely related to the question of "which connectives to use?". The membership measurement problem takes the relation "an agent is more F than another agent", where F is a fuzzy term (typically an adjective). The resulting representation measures the degree to which each agent belongs to the fuzzy set F.
The second measurement problem considers a single agent and the properties that are relevant to that agent. This time, the primitive relation is "an agent is more F than G", where F and G are two properties (adjectives) associated with the agent. The resulting representation measures the ranking of all related properties for a single agent.
The known results are: while membership measurement can at best be measured on an interval scale, formally, as strong as absolute scale representations exist for the second problem. However, since the ranking of properties of an individual is highly a subjective act of the observer, there cannot be universally accepted bounds on the measurement scale. This tends to suggest that all the scales resulting from the measurement are relative to the observer.
Unfortunately, the scales resulting from these two problems do not necessarily measure the same entity. The two problems are combined by introducing a new structure where the resulting measurement scale necessarily measures the membership degree in a fuzzy set. Two models are given for the combined problem. In the first model, the two different problems are simply cast into a bounded semigroup structure. The consequences of this model are analyzed. It is argued that since accepting the Archimedean axiom is very hard, ratio scale representations are not likely to arise. However, ordinal scale representations exist at the cost of accepting that the indifference of two fuzzy terms is transitive. In the second model, this requirement is relaxed, and a threshold representation for the membership model is obtained which results in interval-valued membership functions. This representation has some peculiar uniqueness characteristics.
The main contribution of these measurement models is to show that measurement of membership functions in fuzzy set theory is formally possible. However, the acceptability of each formal model must be critically analyzed.
These measurement problems should not be confused with a totally different measurement problem: measurement of fuzzy measures. This problem is studied elsewhere (Suppes 1974 , Dubois 1986 , Dubois 1988 . There the aim is to consider an algebra of subsets of a set and their representation. That type of a measurement problem is more akin to the measurement theoretic representations of probabilities and highlights the formal differences between fuzzy set theory and probability theory (Dubois & Prade 1989) .
Ordered Algebraic Structures and their Representations
In this section, we give basic definitions for ordered algebraic structures. The algebraic structure is for the connectives of fuzzy set theory and the order is for ordering the (multiple) truth values. Adding more properties to an ordered algebraic structure results in specializations of the concept. In this paper, we only consider ordered semigroups (where the concatenation is associative). These are summarized in the following definition:
Definition 3 Let A = hA; ; i be an ordered algebraic structure such that hA; i is a semigroup. Then A is called an ordered semigroup. Furthermore, it is said to be: 
Continuous iff is continuous as a function of two variables, using the order topology on its range and the relative product topology on its domain.
By a representation of an ordered algebraic structure, we mean a real valued function that maps the ordered algebraic structure, hA; ; i to a numerical structure, hX; ; S i, where X is a subset of R, is the natural ordering of real numbers and S : X X ! X is a function. Since we focus on ordered semigroups, in the resulting representation, S is necessarily associative.
The boundary condition, asserts the existence of a minimal and a maximal element in set A. Hence, given the weak ordering and the boundaries, one can replace the set A by the familiar interval notation e; u
The following lemma demonstrates some of the consequences of axioms imposed on a bounded ordered semigroup (Schweizer & Sklar 1983) . Lemma 1. Let A = hA; ; i be a bounded ordered semigroup with bounds e and u.Then A also satisfies the following conditions for all a; b 2 A:
In (Schweizer & Sklar 1983, Section 5. 3) a function defined on a closed real interval a; e , endowed with the natural ordering, , is considered. Here, a more abstract structure is considered but their results carry over to our setting without modification since our relation, , is transitive and connected and hence is an equivalence.
Representation theorems with varying uniqueness characteristics can be given for ordered semigroups. These are summarized in the following: First two parts of Theorem 1 can easily be proven (see , Bilgiç 1995 for details), part three is (Ling 1965 )'s representation theorem for a continuous Archimedean triangular norm (see (Schweizer & Sklar 1983) for historical comments on this representation) and parts four and five are from (Fuchs 1963) . Figure 1 summarizes the representations given in Theorem 1.
Measurement Problems in Fuzzy Set Theory
There are two important (but different) measurement problems in fuzzy set theory. The first kind deals with measuring the degree of membership of several subjects or objects in a single fuzzy set. This problem has been studied in (Yager 1979 , Norwich & Türkşen 1982 , Norwich & Türkşen 1984 , Türkşen 1991 , Bollmann-Sdorra, Wong & Yao 1993 among others.
In this problem, there is a single fuzzy set (or a fuzzy term), F, and a finite number of agents in A. Examples of such sentences are:
-Mary is more intelligent than John -The new generation is less political than the old one -This task is more important than the other Norwich & Türkşen (1982 , 1984 consider the relation, F , and discuss possible representations of it. After assuming that the structure is bounded, they discuss ordinal and difference measurement for membership measurement problem. These results indicate that membership measurement can at best be performed with an arbitrary origin and a non arbitrary unit. Hence, a function, F : A ! 0; 1 exists such that:
The uniqueness is either ordinal or interval depending on the axioms that are accepted and F a measures the degree with which a belongs to F.
The second type of measurement problem is encountered when we consider the connective as primitive (not further analyzable) in the measurement problem. Mainly, it is assumed that, the qualitative concept of disjunction of fuzzy terms can be adequately represented by an abstract ordered algebraic structure. For conjunction, there are dual arguments via the concept of a negation function. This type of measurement problem is discussed in (Dubois & Prade 1989 , Türkşen 1991 , Bollmann-Sdorra et al. 1993 , for more details, see , Bilgiç 1995 .
This idea is in accord with some linguistic theories where it is claimed that although adjectives linguistically precede their comparative forms, the comparative forms precede the simple forms logically (Sapir 1944 , Kamp 1975 , Palmer 1981 . In particular, (Kamp 1975, p. 127) argues that: when we learn a language like English we learn the meanings of individual adjectives and, moreover, the semantic function which this comparativeforming operation performs, in general, so that we have no difficulty in understanding, on first hearing, the meaning of the comparative of an adjective which we had thus far only encountered in the positive. If this is so then the meaning of an adjective must be such that the comparative can be understood as a semantic transformation of that meaning into the right binary relation.
This amounts to saying that the meanings of adjectives require their comparative forms for formal analysis; an idea perfectly reflected in measurement theory.
The qualitative relation we have in mind is:
F a G an agent a is at least as F as s/he is G.
Examples of such expressions are:
-John is taller than he is clever.
-Coffee is at least as unhealthy as it is tasty.
-Her last novel is more political than it is confessional.
It should be noticed that there is a single subject in such sentences. Therefore, this treatment excludes those sentences like "I am taller than you are skinny".
One might argue that the qualitative relation considered above is a crisp one. Then the sentence "John is more intelligent than he is tall" simply means "John is intelligent but not tall" without showing any sign of degrees of tallness or cleverness. However, we assume that when one utters single subject sentences of the above sort one has a degree of belonging in mind which we attempt to measure.
The problem is formalized by imposing an algebraic, qualitative structure hF a ; a ; a i where F a is a (countable) set of fuzzy terms related to a single subject a: F a = fF 1 ; F 2 ; F 3 ; : : : g, a is an ordering of those terms and a is intended to model the disjunction of two fuzzy terms.
The representations of Theorem 1 are considered in as the appropriate models to measure the fuzzy disjunction structure, hF a ; a ; a i. It is shown there that the ratio and absolute scales, although formally possible, are extremely unlikely to come by because of the unrealistic restrictions they impose on the qualitative structure. Especially, accepting and/or verifying the Archimedean axiom and the boundaries is very difficult for the fuzzy disjunction structure. However, ordinal scale representations (cf. Theorem 1 (i) and (ii)) are more plausible in this context. It should be noticed that the scales obtained from the first two measurement problems measure different concepts. The first one, F a, measures the degree to which subject a belongs to fuzzy set F or equivalently the degree of a's typicality for F. On the other hand, the second function, say a F , measures the ranking of subject a's attributes (and in case of a F , assigns a particular value to one of such attributes, F). It should be obvious that, in general F a 6 = a F . Consider John, who is a basketball player, and consider his tallness. Among all the other attributes of John, let his tallness be the least that one can associate with him. Therefore, John tall = 0 , but among all the other people of the world tall John 0.
In the sequel, these two measurement problems are combined. Particularly, the conditions under which F a = a F are explored. 
Representation F G Uniqueness F G

Fig. 2. Combination of the two problems
As is shown in Figure 2 , there are countably many structures from the membership measurement problem, hA; F i F2F , and finitely many (since it is assumed that A is finite) structures from the second problem, hF a ; a ; a i a2A . Furthermore, the functions a ; b ; and F ; G ; are incommensurate with each other unless they are measured on at least ratio scales.
The arguments against the ratio scale measurement of F 's provided in (Norwich & Türkşen 1982) are convincing. For the disjunction problem the ratio scale is shown to arise under very unnatural assumptions . In order to combine these two different measurement structures so that the scales are commensurate, consider a new structure hA F ; ; i. In this new structure, A is the (finite) set of individuals (subjects/objects), F = fF a ; F b ; : : : g is a countable set of all fuzzy terms that can be associated to all individuals, is an ordering of the tuples from A F and is a concatenation of them.
The axioms introduced in Definition 3 can now be imposed on this new structure to arrive at numerical representations of various scale strengths. Before doing that, it is illuminating to see the implications of the case where such a numerical representation exists. If there exists a representation for the structure hA F ; ; i, it means that there exists a function, : A F ! 0; 1 , such that a; F b; G a; F b; G;
(1) a; F b; G = S a; F; b; G:
We use the shorthand notation aF to denote the tuple a; F and aF bG means "a is F at least as b is G". Hence, this is the correct concept to capture the two-subject comparison sentences. The structure hA F ; i is called the fuzzy set structure. Usually, when the structure has a product set, (A F ), conjoint measurement techniques suggest themselves. These techniques look for independence of the structure. In this context independence is defined as follows: F a G aF aG
Two models of measurement for the fuzzy set structure are discussed starting with the most restrictive and continuing on with a more relaxed framework.
First Model
One straightforward way to combine the two problems is to assume that hA F ; ; i is a bounded semigroup (cf. Definition 3). Then, by Theorem 1 (i), there exists a representation satisfying (1) and (2).
The boundary condition of the bounded semigroup, which is problematic in both the membership and disjunction measurement problems ) is more plausible in this context. The condition asserts that there exists a , F , and a + F + in A F such that a + F + aF a , F , for all the other aF 2 A F . In this case, a , F , and a + F + correspond to a false and a true proposition, respectively.
The weak ordering axiom on the fuzzy set structure states that all tuples aF and bG are comparable. (Either John is at least as clever as Mary is tall or Mary is at least as tall as John is clever). Although this is quite restrictive it can be accepted as an idealization.
The transitivity of on hA F i implies the transitivity of individual relations a and F and more. Specifically it implies the following: if aF bF and bF bG then aF bG which, in view of (3) and (4), is equivalent to: if a F b and F b G then aF bG. For example, if "John is at least as clever as Mary is clever" and "Mary is at least as clever as she is tall" then it must be the case that "John is at least as clever as Mary is tall". This is a crucial consequence and it ties the two dimensions of the system. The concatenation operator, can be taken to be defined for all tuples aF 2 A F . The meaning to be associated with, say, aF bG bG is "a is F or b is G at least as much as b is G". The associativity and monotonicity of the concatenation can be accepted with a caution for "interactive" fuzzy terms for which associativity may be a problem .
When these axioms are accepted, by Theorem 1 (i) there exists a representation satisfying (1) and (2). Furthermore, if the idempotency (for all aF 2 A F , aF aF aF) is introduced, then by Theorem 1 (ii), maximum is recovered as the unique operator to satisfy all of the axioms. The representation is still ordinal but the concatenation is uniquely represented by the function maximum. In order to come up with stronger representations one needs to consider the Archimedean axiom. Archimedean axiom implies that for any tuples aF and bG such that aF bG, there exists an integer m such that m copies of aF when disjuncted becomes bG. It is illuminating to consider some examples: assume that a = b = John and consider the triple (John, funny, bright). Let aF aG stand for "John is funnier than he is bright". Archimedean axiom asserts that there should be a finite amount of "brightness" which, when attributed to John, makes John brighter than he is funny. The main difficulty this axiom brings is related to comparability. It forces any two fuzzy terms to be comparable. Try out the same reasoning for (Smoking, deadly, enjoyable) . Especially in this case, what amount of joy would make smoking more enjoyable than death? Is this quantity finite?
Of course when a 6 = b, similar difficulties also arise and it should be noted that the Archimedean axiom should hold for all tuples aF 2 A F .
If the Archimedean axiom and the structural assumption of continuity (of concatenation) can be accepted the ratio scale representation of Theorem 1 (iii) is obtained. In this case, the membership is measured on a ratio scale and the disjunction can taken to be a continuous Archimedean triangular conorm.
To invoke the parts (iv) and (v), one has to discuss two strong conditions: strong monotonicity and homogeneity. Since homogeneity assumes that the strong monotonicity holds in the reverse direction as well, only strong monotonicity is discussed. Again fixing a = b = John, from the knowledge of "John is at least as (tall or happy) as he is (bright or funny)", one should be able to infer "John is at least as tall as he is bright" and "John is at least as happy as he is funny". This inference seems extremely unlikely to come by and hence it seems highly implausible that strong monotonicity is satisfied for a fuzzy set structure. Therefore, representations with stronger uniqueness results (Theorem 1 (iv) and (v)) cannot be invoked.
In both ordinal and ratio scale representations, it is necessarily true that a; F = F a = a F . Hence, the scales for both dimensions of the system are commensurate. This is achieved (mainly) by accepting that hA F ; i is a weak order. The most restricting consequence of this assumption is the fact that is an equivalence relation.
Second Model
The following result shows one of the implications of accepting the weak order axiom.
Lemma 2. If hA F ; i is a weak order, then so are hA; F i for all F 2 F and hF a ; a i for all a 2 A.
The proof is trivial. This result is important in the sense that whenever there are two different representations for the individual problems, the reverse implication does not necessarily hold. This means that, in general, hA F ; i may only be a partial order but can still admit a representation for its individual substructures.
The second important consequence of accepting the weak order axiom is the fact that the indifference relation, , becomes an equivalence relation. This entails that the indifference relation is transitive (aF bG; bG cH = aF cH). With a graded membership structure, this does not seem to be acceptable. The indifference of membership values cannot be an equivalence relation. In order to remedy that problem the weak ordering axiom is dropped and a new one is adopted:
The ordering relation on A F is connected and negatively transitive (i.e., if aF bG then aF cH or cH bG).
It should be noticed that a binary relation, , satisfying this property is not necessarily transitive but its asymmetric part, , satisfies the following property ( (Fishburn 1972 , Fishburn 1985 ) (for all aF; bG; cH; dI 2 A F ):
if aF bF and cH dI then aF dI or cH dI
Hence, is transitive (since is irreflexive by definition, (6) forces transitivity) but is not necessarily so.
Furthermore, the structure hA F ; i admits a threshold representation as given in the following (Fishburn 1985) : At this point, a third possible model is the one in which logical operators are interval-valued . We give the details of such a model in (Bilgiç 1995) .
Conclusions
In this study, we investigate two measurement problems and their possible combinations with the aim of providing a formal framework for discussing fuzzy set theory. It has been increasingly popular to use triangular norms and conorms (borrowed from the statistical metric spaces literature) as models of connectives in fuzzy set theory. Although, the variety of the available operators for conjunction and disjunction has been claimed to be the flexibility of using fuzzy set theory, it is important to know the consequences of a specific selection of operators.
Apparently, in the ordered algebraic structures literature there are very strong (absolute scale) representations for similar structures that one can take to represent a fuzzy set structure. However, such representations require unacceptable structural axioms like the strong monotonicity and the Archimedean conditions.
If one gives up the Archimedean axiom and endows the structure with other axioms, some weak representations can be obtained. These are ordinal scale representations and particularly the function max as originally suggested by Zadeh can be recovered as the unique disjunction satisfying some reasonable axioms.
On the other hand, once the Archimedean axiom is omitted it is not possible to come up with representations stronger than ordinal scale. This suggests that if one is not ready to accept the Archimedean axiom the only meaningful operation that can be performed on the measurement scale is comparison. Any other arithmetic operation is simply meaningless. This suggests that triangular norms and conorms can be used to model connectives in fuzzy set theory but their results should not be attached any cardinal significance.
Archimedean axiom is necessary when a representation into real numbers is sought. If a representation into field extensions of the real number system is considered, then Archimedean condition is no more necessary (Narens 1985) . However, this approach has consequences of a philosophical nature as to why degrees of truth are not real numbers and why do they require non-standard analysis (Robinson 1966) . Currently, we have not considered any ideas on this.
If one accepts the Archimedean axiom and continuity, the results about the additive generators of Archimedean triangular norms and conorms simply state that using these in the unit interval and using addition on the extended reals amount to the same thing. Therefore, using an Archimedean triangular norm or a conorm as conjunction or disjunction of fuzzy sets is simply a matter of preference or convenience. For disjunction, one can equivalently use addition on extended reals. Therefore, the justification of continuous, Archimedean triangular norms and conorms require some unnatural structural axioms and in the end they amount to ordinary, additive extensive measurement. In order to move away from additivity one either has to give up the Archimedean axiom which as we have seen does not lead to strong representations but nevertheless recovers max or give up some other structural axiom. Luce et al. (1990) show that if one accepts the Archimedean axiom then associativity (in presence of positivity) amounts to additivity. Hence, the first candidate to give up seems to be the associativity. Fodor (1993) 's attempts to generalize triangular norms by dropping associativity require a measurement theoretic discussion.
As for giving up the continuity, the discrete jumps in the representation are highly counterintuitive. Why and when such jumps should occur is inherently vague and we already have a well known discrete valued representation, classical set theory.
